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Solutions to tutorial exercises for stochastic processes

T1. (a) Let x 6= u, then c(x, η) = c(x, ηu) for all η ∈ S. So we have γ(x, u) = supη |c(x, η)−
η(x, ηu)| = 0 and also M = supx

∑
u6=x γ(x, u) = 0 <∞. De�ne the generator

Lf(η) =
∑
x∈V

c(x, η)
(
f(ηx)− f(η)

)
on the domain

D(L) =

{
f ∈ C(S) :

∑
x∈V

sup
η
|f(ηx)− f(η)| <∞

}
.

Then it follows from Theorem 5.2 that L̄ is a probability generator. So there exists
a spin system with rate function c(x, η).

(b) Let (xi)i∈N be an enumeration of V and consider Vn = {x1, . . . , xn}. Similar to (a)
there exists a spin system ηnt ∈ {0, 1}Sn with rate function c(x, η), so that M = 0
and

εn = inf
1≤i≤n, η

(
c(xi, η)− c(xi, ηxi)

)
= min

1≤i≤n
βxi + δxi > 0.

It follows that the spin system ηnt is ergodic. Furthermore the unique stationary
measure is given by µn under which the state of all xi, 1 ≤ i ≤ n, is Bernoulli

distributed with parameter
βxi

βxi+δxi
, independently of each other. This follows from

the following calculation:∫
Lnf(η)µn(dη) =

n∑
i=1

∫ (
βxi1{η(xi)=0} + δxi1{η(xi)=1}

)(
f(ηxi)− f(η)

)
µn(dη)

=
n∑
i=1

δxiβxi
βxi + δxi

 ∑
η:η(xi)=0

(
f(ηxi)− f(η)

)
+

∑
η:η(xi)=1

(
f(ηxi)− f(η)

)
= 0.

Let µ be the distribution under which the state of all x ∈ V is Bernoulli distributed
with parameter βx

βx+δx
, independently of each other, so that µ|Sn = µn. Consider the

spin system (ηt)t≥0 with initial distribution ν. Let ηnt = ηt|Sn , then (ηnt ) is an ergodic
spin system and

Pνηnt → µn weakly as t→∞.

Since
⋃
n Sn = S and S is compact it follows from the convergence from the �nite-

dimensional distributions Pνηnt that the measures on the entire S also converge, i.e.,

Pνηt → µ weakly as t→∞.
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T2. (a) Let D be the maximum degree of the graph. Since c(x, η) is determined by the
con�guration of neighbours of x, we have that a(x, y) = 0 whenever x 6= y and
x � y. It follows that

M := sup
x∈V

∑
y 6=x

a(x, y) = sup
x∈V

∑
y 6=x,x∼y

sup
η∈S
|c(x, ηy)− c(x, η)| ≤ 2D2 <∞.

From Theorem 5.2 we conclude that there is a spin system with rate function c(x, η).

(b) Consider V = Zd. Consider the `checkerboard' con�guration η ∈ S given by

η(x) = ‖x‖1 mod 2.

Let ξ = 1− η. Then c(x, η) = c(x, ξ) = 0 for all x ∈ V . It follows that δη and δξ are
two distinct stationary measures, so that the spin system is not ergodic.

Now let V = Z/mZ for m even. We again consider the con�gurations η given by

η(x) = x mod 2,

and ξ = 1 − η. Then, since m is even, c(x, η) = c(x, ξ) = 0 for all x ∈ V . It follows
that δη and δξ are two distinct stationary measures, so that the spin system is not
ergodic.

Now consider V = Z/mZ for m odd. We can now no longer de�ne the checkerboard
con�guration, since the neighbours m−1 and 0 would receive the same spin. Instead,
we will show that this spin system is in fact ergodic. For a con�guration η, let n(η)
be the number of edges for which the vertices have di�erent spin:

n(η) :=
∑
x∈V

1{η(x) 6= η(x+ 1)}.

Observe that n(ηt) ≥ n(ηs) for all t ≥ s. We claim that the unique stationary
measure is the uniform measure on the set of con�gurations for which n(η) = m− 1.
We de�ne

ηk := (0, 1, 0, . . . , 1, 0, 1, 1, 0, . . . , 1), ξk := (1, 0, 1, . . . , 0, 1, 1, 0, 1, . . . , 0),

where k is the vertex for which ηk(k) = ηk(k + 1) and ξk(k) = ξk(k + 1). We de�ne

π :=
1

2m

m−1∑
k=0

δηk + δξk .

The measure π is stationary by T10.3, since∫
Lf(η)dπ =

∫ ∑
x∈V

c(x, η)(f(ηx)− f(η))dπ

=
1

2m

m−1∑
k=0

∑
x∈V

c(x, ηk)(f(ηkx)− f(ηk)) + c(x, ξk)(f(ξkx)− f(ξk))

=
1

2m

m−1∑
k=1

f(ηkk)− f(ηk) + f(ηkk+1)− f(ηk) + f(ξkk)− f(ξk) + f(ξkk+1)− f(ξk)

= 0,
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since ηkk = ηk−1, ξkk = ξk−1, ηkk+1 = ηk+1 and ξkk+1 = ξk+1. It remains to show that
π is the only stationary measure. Since V is �nite, the spin system is a continuous
time Markov chain. The set of con�gurations

A := {η : n(η) = m− 1} =
m−1⋃
k=0

{ηk, ξk},

is an absorbing set for the Markov chain. Furthermore, the Markov chain restricted to
A is irreducible. It follows that the restricted chain has a unique stationary measure,
which then must be π. Finally, since A is the set of absorbing con�gurations, any
stationary measure cannot put weight outside of A. It follows that π is the unique
stationary measure for the complete process.

T3. Let L be the generator of the coupled spin system with domain

D(L) ={
f ∈ C

(
S2
)

:
∑
x∈V

sup
(η,ζ)

|f(ηx, ζ)− f(η, ζ)|+ |f(η, ζx)− f(η, ζ)|+ |f(ηx, ζx)− f(η, ζ)| <∞

}
.

For f ∈ D(L) we can write

Lf(η, ζ) =
∑
x∈V

c̃1(x, η, ζ)
(
f(ηx, ζ)− f(η, ζ)

)
+ c̃2(x, η, ζ)

(
f(η, ζx)− f(η, ζ)

)
+ c̃3(x, η, ζ)

(
f(ηx, ζx)− f(η, ζ)

)
,

where c̃1, c̃2 and c̃3 are the rates at which (η, ζ) changes to (ηx, ζ), (η, ζx) and (ηx, ζx)
respectively. These are given by

c̃1(x, η, ζ) = 1{η(x)=0,ζ(x)=1}c1(x, η) + 1{η(x)=1}
(
c1(x, η)− c2(x, ζ)

)
,

c̃2(x, η, ζ) = 1{ζ(x)=0}
(
c2(x, ζ)− c1(x, η)

)
+ 1{η(x)=0,ζ(x)=1}

(
c1(x, η)− c2(x, ζ)

)
,

c̃3(x, η, ζ) = 1{ζ(x)=0}c1(x, η) + 1{η(x)=1}c2(x, ζ).

3


